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CONTRACTIBILITY RESULTS FOR CERTAIN SPACES OF RIEMANNIAN
METRICS ON THE DISC
ALESSANDRO CARLOTTO AND DAMIN WU
Abstract. We provide a general contractibility criterion for subsets of Riemannian metrics on the disc.
For instance, this result applies to the space of metrics that have positive Gauss curvature and make the
boundary circle convex (or geodesic). The same conclusion is not known in any dimension n ≥ 3, and (by
analogy with the closed case) is actually expected to be false for many values of n ≥ 4.
1. Introduction
Let M be a smooth, compact manifold of dimension n ≥ 2, without boundary. Two important questions
in Riemannian Geometry are whether M supports any metric of positive scalar curvature and, if that is
the case, whether one can characterize the homotopy type of the subset R+(M) ⊂ R(M) consisting of all
such metrics. In spite of many remarkable advances, these questions are still far from being fully resolved,
unless in the case of surfaces (n = 2), which is the object of the present note.
When n ≥ 3, it is well-known that any manifold M as above can be endowed metrics of negative scalar
curvature (cf. [19,20] for a more precise characterization), while pioneering works by Schoen-Yau [30–32] and
Gromov-Lawson [14–16] imply that, at the opposite end of the spectrum, manifolds that do not admit any
metric of positive scalar curvature exist in abundance. The simplest such example is provided by the three-
dimensional torus S1×S1×S1, which is in fact a significant result as it implies the positive mass theorem
for three-dimensional asymptotically flat manifolds (this is the compactification approach followed in [33]).
A complete description of those three-manifolds for which R+(M) 6= ∅ follows, when n = 3, by Perelman’s
papers on the Ricci flow with surgery [25–27], while for n ≥ 5 and M simply connected our knowledge
relies on the combination of outstanding work by Gromov-Lawson [16] and Stolz [35]: R+(M) 6= ∅ if and
only if either M does not admit any spin structure or, in case of spin manifolds, if α(M) = 0. However,
even for n = 3 and most remarkably for n ≥ 4, we are far from a complete understanding of the topology
of R+(M) (for partial, but often striking achievements see e.g. [2–4, 7, 17, 18, 21, 29] among others). We
shall limit ourselves to note that these works provide simple criteria (of dimensional character, and/or on
the topology of M) implying that R+(M) is often not even path-connected, which contrasts with the main
result of [23] for S3.
For closed surfaces, the Gauss-Bonnet theorem gives at once that R+(M) 6= ∅ if and only if χ(M) > 0,
that is if M ∼= S2 or χ ∼= RP2. The topology of this space of metrics was first studied by Weyl [37] to the
scope of proving the existence of isometric embeddings of positively curved spheres as convex bodies in R3
(a theorem later obtained by Nirenberg [24] in one of his very first papers). In particular, Weyl was able
to prove that R+(S2) is path-connected. To the best of our knowledge, the full characterization of the
homotopy type of R+(S2) and R+(RP2), namely the theorem that these spaces are actually contractible,
was first sketched by Rosenberg-Stolz in their beautiful survey [28].
If we now let M be a smooth, compact manifold of dimension n ≥ 2, with (smooth) boundary, a re-
markable theorem by Gromov implies thatM always supports metrics of positive scalar (in fact: sectional)
curvature [13]. Hence, boundary conditions must be introduced for the problem not to be trivial. This
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leaves room for different sorts of choices, and we will focus on some of the most natural ones, namely those
defined by pointwise conditions given in terms of the mean curvature of the boundary.
For instance, one can consider the set M+(M) that consists of those Riemannian metrics on M that
are smooth up to the boundary, and such that (M,g) is a (strictly) mean-convex domain of positive scalar
curvature. Once again, one wonders under what conditions on M it is the case that M+(M) 6= ∅ and
what is the topology of this space of metrics. Yet, some of the techniques that come into play in the
study of closed manifolds do not have a straightforward extension to the case when ∂M 6= ∅, with the
net result that comparatively little is known. Besides the analysis of the n = 3 case, which is the object
of the recent article [6] by the first author and C. Li, we mention the work by Walsh [36] (although the
focus there is on collar boundary conditions) and Botvinnik-Kazaras [5]. The main purpose here is to
prove a general theorem for the (two-dimensional) closed disc D, which easily provides various significant
geometric applications, including a full answer to the question about the homotopy type of M+(M) 6= ∅
in the special case above.
In order to state our main result, let us first introduce some notation. Given g ∈ R(M) (the set of
Riemannian metrics on M that are smooth up to the boundary), denote by [g] the pointwise conformal
class of g; that is, g1 ∈ [g] if g1 = e
2ug for some smooth function u on M . Let
C(M) = {[g] : g ∈ R(M)},
which we always assume endowed with the so-called smooth topology inherited (as a quotient) from R(M);
denote by pi : R(M)→ C(M) the associated projection map.
Theorem 1.1. Let M+(D) ⊂ R(D) be a set satisfying the following two properties:
(1) for all g ∈ R(D) the intersection M+(D) ∩ pi−1([g]) is convex;
(2) M+(D) is invariant under diffeomorphisms, i.e.
g ∈M+(D) if and only if φ∗g ∈M+(D) for all φ ∈ Diff(M).
Then M+(D) is contractible.
The two assumptions above are often easy to verify: the second one is always satisfied when M+(D)
is given by curvature conditions (which are our main concern), while the first one holds (for instance)
for linear inequalities (possibly equalities) involving the Gauss curvature of the disc in question, and the
geodesic curvature of its boundary. Indeed, we have the well-known equations
e2uKe2ug = Kg −∆gu, e
uke2ug = kg + ν(u)
where ν is the outward-pointing unit normal along the boundary. Thus, as a special case, we can derive
what follows:
Corollary 1.2. Let M+(D) denote one of the following sets:
• I :=
{
g ∈ R(D) : Kg ≥ 0
}
, II :=
{
g ∈ R(D) : Kg > 0
}
, III :=
{
g ∈ R(D) : Kg = 0
}
;
• I∂ :=
{
g ∈ R(D) : kg ≥ 0
}
, II∂ :=
{
g ∈ R(D) : kg > 0
}
, III∂ :=
{
g ∈ R(D) : kg = 0
}
.
Then M+(D) is contractible; furthermore any set M+(D) obtained by intersecting one among I, II, III
with one among I∂ , II∂ , III∂ is either empty or contractible.
The arguments we present turn out to be rather direct, and conceptually transparent. In addition, as
we will see, they are somewhat more elementary than in the case of S2 (cf. Remark 2.3). Note that when
n ≥ 3 we are in fact very far from drawing similarly strong conclusions on M+(M), and the analogy with
the closed case (as briefly summarized above) suggests that even pi0(M
+(M)) should be non-trivial in many
cases of interest. It is reasonable to expect some sort of progress on these matters in the years to come.
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2. Proof of Theorem 1.1
Let Diff(M) be the group of diffeomorphisms of M ; when M is a manifold with boundary we agree
that diffeomorphisms are proper in the sense that they map ∂M onto ∂M . When M is oriented (as we
assume), we denote by Diff+(M) the orientation-preserving subgroup of Diff(M). In either case, we also
tacitly employ the (strong) smooth topology on these spaces of maps. Notice that in case ∂M 6= ∅ we do
not require diffeomorphisms to restrict to the identity map along the boundary. If M is a compact surface
and we fix three distinct points x1, x2, x3 on M , then we let
Diff+
•
(M) = {φ ∈ Diff+(M) : φ(xi) = xi, i = 1, 2, 3}.
Specifically, for M = D we agree to choose
x1 = 1, x2 = i, x3 = −1.
As usual, we denote by C∞(M) be the set of (real-valued) smooth functions on M . The notation 1X
stands for the identity map on a set X.
Let z = x+ iy be the standard complex coordinate on C, and let g0 = |dz|
2 ≡ (dz ⊗ dz¯ + dz¯ ⊗ dz)/2 =
dx⊗ dx+ dy ⊗ dy (the standard Euclidean metric on the plane). More generally, we adopt the convention
that |ϑ|2 ≡ Re(ϑ ⊗ ϑ) = (ϑ ⊗ ϑ+ ϑ ⊗ ϑ)/2 for any complex valued 1-form ϑ. We will identify D with the
unit disc D ⊂ C (as smooth manifolds) and, correspondingly, we will have C∞(D,D) ⊂ C∞(D,C).
We shall employ the uniformization theorem in the following version:
Theorem 2.1. For any g ∈ R(D), there exists a map φ ∈ Diff+(D) and a function u ∈ C∞(D) such that
g = φ∗(e2ug0).
To properly interpret the result above, and for later scopes, it is actually convenient to briefly recall the
proof, recast in terms of Beltrami’s equation. Following e.g. [9, 10] it is easy to construct a bijection from
C(D) to the space C∞(D,D). To define it, given [g] ∈ C(D) with
g = g11dx⊗ dx+ g12(dx⊗ dy + dy ⊗ dx) + g22dy ⊗ dy,
observe that
4g = (g11 − g22 − 2ig12)dz ⊗ dz + (g11 − g22 + 2ig12)dz¯ ⊗ dz¯ + (g11 + g22)(dz ⊗ dz¯ + dz¯ ⊗ dz)
= ρ|dz + µdz¯|2,
provided we set
ρ = (g11 + g22) + 2
√
g11g22 − g212, µ =
(g11 − g22) + 2ig12
(g11 + g22) + 2
√
g11g22 − g212
.
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Note that
|µ|2 =
(g11 + g22)− 2
√
g11g22 − g212
(g11 + g22) + 2
√
g11g22 − g212
< 1,
hence the map [g] 7→ µ is well-defined. Conversely, given µ ∈ C∞(D,D), let g = |dz + µdz¯|2. Then, the
formula
g = |1 + µ|2dx⊗ dx+ |1− µ|2dy ⊗ dy + i(µ¯ − µ)(dx⊗ dy + dy ⊗ dx)
defines a Riemannian metric on D, since |1± µ|2 > 0 and
|1 + µ|2|1− µ|2 − (i(µ¯ − µ))2 = (1− |µ|2)2 > 0.
It is readily checked that the map µ 7→ [g] is the inverse of the previous one. Furthermore, both maps in
question are continuous with respect to the smooth topologies, so that one actually obtains a homeomor-
phism C(D) to the space C∞(D,D). As a result, we can draw the following important conclusion.
Proposition 2.2. The space C(D) is contractible.
Proof. The assertion follows at once, by virtue of the homeomorphism above, from the (strict) convexity
of C∞(D,D). 
Remark 2.3. (a) Proposition 2.2 might actually be regarded as a special case of a more general fact (cf. [8, p.
213] and, more generally, for compact oriented manifolds see Theorem 2.2 in [11] applied for s =∞ based
on Remark 2.5 therein).
(b) In proving the contractibility of C(S2), which is crucial for the contractibility of R+(S2), Rosenberg-
Stolz invoke the celebrated theorem by Smale [34] on the space of diffeomorphisms of the sphere.
(c) Let us explicitly remark that the sole contractibility of C(M) does not suffice, in general, for the
conclusion of Theorem 1.1 to hold, as it is shown for instance by the case of R+(S8), because of [18].
Let H = {z ∈ C : Im(z) > 0} and h : H→ D be the Cayley transform h(z) = −(z − i)/(z + i). Then h
is biholomorphic from H to D, extends smoothly to a map H := {Im(z) ≥ 0} ∪ {∞} → D and defines (by
restriction) a smooth map from the boundary ∂H onto the unit circle ∂D. Therefore, given g ∈ R(D) the
conformal class [g] uniquely determines a smooth function µ on H with sup |µ| ≤ c < 1.
At that stage, it follows from Ahlfors-Bers [1] that there is a unique map w which is a diffeomorphism
from H onto itself, leaves 0, 1, ∞ fixed, and satisfies the Beltrami equation wz¯ = µwz. This implies that
w◦h−1 is the isothermal coordinate map for the metric g; hence, the map φ = h◦w◦h−1 is a biholomorphic
map from (D, g) onto D. Theorem 2.1 for the closed disc follows at once. So, for [g] ∈ C(D) we shall set
Φ([g]) = φ; note that Φ([g]) = φ ∈ Diff+
•
(D).
Proposition 2.4. The map
Φ : C(D)→ Diff+
•
(D)
is a homeomorphism.
Proof. The continuity of the map Φ follows from the continuity of the three maps
C(D) C∞(D,C) Diff+
•
(H) Diff+
•
(D)
[g] µ w φ := h ◦ w ◦ h−1
the first and third claim being obvious, the second being proven in [10, 2B].
We then claim that the map in question is bijective, and that its inverse is the (patently continuous)
map Ψ : Diff+
•
(D) → C(D) defined by φ 7→ [φ∗g0]. The fact that Ψ ◦ Φ = 1C(D) descends from the
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biholomorphicity of φ = Φ([g]) as a map from (D, g) to D. Instead, the fact that
Φ ◦Ψ = 1Diff+
•
(D)
follows, as a special case, from this elementary argument. If u, u˜ ∈ C∞(D) and φ, φ˜ ∈ Diff+
•
(D) satisfy the
equation
φ˜∗(e2u˜g0) = g = φ
∗(e2ug0),
then
(φ˜ ◦ φ−1)∗g0 = e
2u−2(φ˜◦φ−1)∗u˜g0,
hence one can check that φ˜ ◦ φ−1 ∈ Aut(D). Indeed, it is a general fact that if η ∈ Diff+(D) is such that
η∗g0 = e
2wg0 for some w ∈ C
∞(D), then η ∈ Aut(D). To that scope, it is sufficient to show that any such
map η is holomorphic with respect to the coordinate z on D ⊂ C, i.e.,
(2.1)
∂η
∂z¯
= 0.
(It then follows from the holomorphic version of the inverse function theorem (cf. e.g. Theorem 9.6 in [12])
that η−1 is also holomorphic, hence η ∈ Aut(D)). To check that (2.1) holds, first note that
η∗g0 =
∂η
∂z
∂η
∂z
dz ⊗ dz +
∂η
∂z¯
∂η
∂z¯
dz¯ ⊗ dz¯ +
(∣∣∣∂η
∂z¯
∣∣∣
2
+
∣∣∣∂η
∂z
∣∣∣
2)
|dz|2,
so that, by our assumption, we have
∂η
∂z
∂η
∂z
= 0,
∂η
∂z¯
∂η
∂z¯
= 0.
On the other hand, since η preserves the orientation,
0 < Jacobian(η) =
∂(η, η )
∂(z, z¯)
=
∣∣∣∂η
∂z
∣∣∣
2
−
∣∣∣∂η
∂z¯
∣∣∣
2
,
thus ∂η/∂z will not vanish at any point. Thereby, it follows that |∂η/∂z¯|2 = 0, as we had to prove. That
being checked, let us conclude our argument: Since φ˜ ◦ φ−1 ∈ Aut(D) fixes three points, φ˜ ◦ φ−1 has to be
the identity (see for example [22]), which implies φ˜ = φ as we wanted. 
Theorem 1.1 follows immediately from Proposition 2.2 and the following Lemma 2.5.
Lemma 2.5. Let M+(D) be as in the statement of Theorem 1.1. Then it is homotopy equivalent to C(D).
Proof. Let g+ ∈M
+(D) (if the set is empty, there is nothing to prove). By virtue of Theorem 2.1, we can
write g+ = φ
∗
+(e
2ug0) for some φ+ ∈ Diff
+(D), hence by our assumption (2) on the set M+(D) it must be
that gD := e
2ug0 ∈M
+(D) as well.
Let pi : M+(D)→ C(D) denote the restriction of the projection map, i.e. pi(g) = [g]. We further define
the map σ : C(D)→M+(D) by factoring through Diff+
•
(D) as shown in the diagram below
C(D) M+(D)
Diff+
•
(D),
σ
Φ
where Φ is the map defined above. Indeed, given [g] ∈ C(D), there exists a unique map Φ([g]) = φ ∈
Diff+
•
(D) such that
[g] = [φ∗g0] = [Φ([g])
∗g0].
Then we define
σ([g]) = φ∗gD = Φ([g])
∗gD.
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Clearly pi is continuous; the map σ is continuous, as Φ is, by Proposition 2.4.
Note that pi◦σ = 1C, for indeed pi◦σ([g]) = pi
(
(Φ([g])∗gD
)
= [Φ([g])∗gD] = [Φ([g])
∗g0] = [g]. Next, we will
show that σ ◦pi ≃ 1
M+(D), where ≃ stands for the homotopy relation. Define a map H : [0, 1]×M
+(D)→
M
+(D) as follows. For each metric g in M+(D), we can write g = e2uΦ([g])∗gD for some u ∈ C
∞(D)
which is uniquely determined by g, and continuously depending on g. We then set
H(t, g) = e2(1−t)uΦ([g])∗gD.
Then H is well-defined, by assumption (1) on the set M+(D), and continuous. Note that
H(0, g) = e2uΦ([g])∗gD = g,
H(1, g) = Φ([g])∗gD = σ ◦ pi(g).
This proves that σ ◦ pi ≃ 1
M+(D). Hence, M
+(D) is homotopy equivalent to C(D). 
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